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A Method of Predicting Unsteady T urbulent Flows
and Its Application to Diffusers with Unsteady;lnlet Conditions

{  A.A.Lyrio* and J.H. Ferziger{
Stanford University, Stanford, California

An integral method for computing the main characteristics of unsteady, incompressible, turbulent flows is
developed. The method is applied to unsteady boundary layers with a prescribed freestream velocity and to
diffusers with unsteady inlet conditions. For prescribed pressure gradient flows, the method gives as good results
and is more than an order of magnitude faster than flmte difference methods. For diffuser flows, no other

methods have been found i m the literature.

I. Introduction

NSTEADY turbulent flows occur in a number of
practical situations in fluids engineering. Turbulent
detachment and reattachment are always somewhat unsteady,
‘and ‘oscillating turbulent flows occur in many  systems.
Examples are the boundary layer on a stationary vane
downstream of a compressor, the flow over rotating turbine
- blades, and the diffuser downstream of a compressor in a gas
turbine. Diffusers operating in the transitory stall regime have
large-amplitude oscillations. The unsteady turbulent flow
over a helicopter rotor blade is another important example.
McCroskey! observes that the aerodynamic forces associated
with unsteady separation can be stochastic or highly
organized and periodic. Understanding these forces 1s fun-
damental to aerodynamic design.
Unsteady turbulent flow measurements are very dlfflcult
- Consequently, few results are given in ‘the literature.
Karlsson? reported experimental results for a turbulent
boundary layer on ‘a flat plate subjected to an oscillating
freestream. His main conclusion was that nonlinear effects,
even at the largest fluctuation amplitudes, were negligible.
Miller? reported results for heat transfer in an oscillating
turbulent boundary layer similar to Karlsson’s. With respect
to the fluid dynamics, Miller confirmed Karlsson’s con-
clusions. More recently, experiments involving flat-plate
turbulent boundary layers subject to an oscillating stream
have been done by the ONERA group led by Cousteix*3 and
also by Parikh et al.® .

Unsteady, turbulent, fully developed channel flow
measurements have been reported by Hussain and Reynolds’
and Acharya and Reynolds.® McCroskey et al.? reported a
flow visualization experiment on the dynamic stall: on
oscillating airfoils. Schachenmann and Rockwell’® and
Tomsho and Brown!! performed experiments with low-speed
air flow on oscillating turbulent boundary layers in conical
diffusers, while Sajben and Kroutil!>!* have done ex-
periments on unsteady transonic flows in two- d1mens10nal
diffusers.

On the computational side, the predlctxon of unsteady
turbulent flows is currently’ undergoing active development.
Most work has concentrated on laminar flows, but methods
for unsteady turbulent flow have been based on steady-flow
turbulence models. Good results have been obtained. This is
not surprising, since Parikh et al. show that quasisteady
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turbulence models are adequate for turbulent flat-plate flows
in oscillating adverse pressure gradients.

McDonald and Shamroth!® used Cole’s velocity profile,
together with the momentum integral, energy integral, and
continuity equations, to build an integral method able to
compute unsteady compressible turbulent boundary layers.
Kuhn and Nielsen!é used Coles’ velocity profile and.the
moment of momentum integral equations, together with a
quasisteady Clauser eddy-viscosity model to produce a
linearized theory able to compute high frequency, unsteady,
flat-plate flows. Telionis and Tsahalis!? integrated the time-

dependent turbulent boundary-layer equations numerically,

using a finite difference scheme, and were able to reproduce
some high-frequency results and to approach detachment.
McCroskey and Philippe!® computed flows on an oscillating
airfoil and were able to reproduce some of the phase lead data
of Karlsson’s flat-plate flow. Singleton and Nash!? developed

a finite difference method and computed the magnitude and

phase shift of the displacement thickness and wall shear for
two frequencies and amplitudes of an unsteady turbulent .-
boundary layer. Recently, Cousteix and Houdeville*S have
developed an integral method to predict the unsteady behavior
of turbulent boundary layers.

The proceedings of the IUTAM Symposmm on Unsteady"
Turbulent Shear Flows (Michel et al.20) appeared while this
paper was. in review. This volume contains several papers of
direct relevance to the current work; we shall be able to
mention them only briefly here. Carr?! reviewed the ex-
periment data in much more detail than we have been able to
do here. Kobashi and Hayakawa?? presented "data that

" complement the data we have used and which could have been

used as targets for the present calculations. Parikh et al.?
presented some further data; these were available to the
current authors prior to their publication. Finally, Ramaprian
and Tu?* present data for a high-frequency oscillating tube
flow that show variations from the equilibrium relationships
used in many calculational schemes. However, it is not clear
whether these contradict the current results, as we shall
display good agreement with the high-frequency data.

The present paper -develops a time-dependent integral
method able to predict unsteady boundary layers in zero and
adverse pressure gradients. Extensive comparison with the
experimental data is made and good agreement is found. It
also compares favorably with other time-dependent calcula-
tions. The method is extended to the computation of conical
diffusers with unsteady inlet conditions; comparison to the.
sparse experimental data is made, again showing good
agreement.

II. Integral Method fdr Unsteady Boundary Layei's

The 1968 AFOSR-IFP-Stanford Conference? assembled
the best integral methods for boundary layers available up to
that time; since then others have be'en developed. Kuhn and



APRIL 1983

Nielsen'® used an integral method to compute separating
flows. Ghose and Kline? used a lag-entrainment method to
compute diffusers in the early transitory stall regime. Lyrio et
al.?” extended their method to the computation of planar and
conical diffusers operating in the unstalied, transitory stall,

and fully developed stall regimes. Bardina et al.?® extended

this method to annular diffusers, and Childs et al.?® extended
it to compressible diffuser flows. For unsteady flows, integral
methods have also been applied- successfully. McDonald and

Shamroth!’ were the first to apply them to unsteady boundary .

layers. Kuhn and Nielsen'® and Cousteix® also developed

methods for prescribed pressure gradient, unsteady bound-

ary-layer flows.

' All integral methods use the momentum integral equatlon,
a skin-friction correlation, a velocity profile assumption, and
an auxiliary equation to close the system of equations. There
© is a variety of methods using different auxiliary equations.

The entrainment method appears to work better than other -

methods for a variety of boundary-layer flows, and we shall
adopt this choice.

A. Velocnty Profile Family
The experiments of Houdev111e and Cousteix* show that

1mposed sinusoidal fluctuations do not alter the mean velocity .

profile from that of a steady turbulent flow. Figure 1 com-
pares their phase-averaged data with Coles’3® ‘‘wall-wake
law.” Good agreement exists for every phase of " the
osc111at10ns even close to separation. Consequently, the wall-
wake law may be assumed accurate for oscillating boundary

" layers. The use of Coles’ profile leads to a shape-factor

relation presented in Bardina et al.28

h=1. 5A+0179VT+0 321V% /A ) 4]
where v
-1 o I
h=———0o A= —
- H o

and K =0.41 is the von Karman constant. i
For the skin friction, a new correlatlon of Lyrio et al.? is
used:

C,/2=.0325 11 -2A177(A/Re*)0 1 Ssgn(1-24)  (2)

This correlation is explicit in terms of the skin friction and
_ contains the -criterion for separatlon implied by the Coles
velocity profile.

The Cousteix® experiments show that the turbulence

structure is not altered by the fluctuations. This conclusion is °

verified by Parikh et al.® The recent data of Ramaprian and
Tu?* indicate a-possible problem at high frequencies, but the
amplitudes are generally small at high frequencies so this may

Fig. 1 Comparison of the Houdeville-Cousteix data for an unsteady
adverse pressure gradlenl boundary layer with' the Coles wall-wake
law.

(I+h+C,)
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not be a problem Consequently, we shall use a qua51steady
model for the turbulence at all frequencies.

B. Momentum Integral and Entrainment Equations .

- The unsteady momentum integral equation is obtained by
phase-averaging the Navier-Stokes equations to produce
equations for the phase-averaged velocity. When these
equations are integrated across ‘the boundary layer and
combined in the usual way, we obtain an equation for the
phase-averaged integral parameters:

) C, . :
—(6*u, )= — 3) .
” ( ) 3 (3)

_ao_+(2+H) b dus 1
- ox u, ox ul

where 6 is the momentum thlckness, 6* the dlsplacement
thickness, and H the shape factor.

The rate of entrainment is defined in the same way as in the
steady-state case:

Li
- Ox

[u, (5-69] @)

In the present method, the quasisteady method developed by
Lyrio et al.?’ is used. The method uses the lag equation

BE 025A :
P —-E) &)
_ x
where the ‘‘equilibrium’ entrainment E’ ié givén by the
. correlation - : ‘ .
E’' =424Ke[A/(1 - A)]0516 (6a)
and
Ke=0.013+0.0038e-5/15 ' (6b)
& 9 ‘
g=— 2. ' (60)
7, ox -

For flows with adverse pressure gradlents the followmg
simplified entrainment correlation, ;

—~0.0083(1 —A) ~25 _ ON

works quite well and does not require a lag. It is preferred for

diffuser calculations owing to its ease of use and efficiency.
This completes the description of our method for boundary
layers. As can be seen, all of the components of the steady-
state method have been used without modification. The only
change is the allowance for. unsteadiness in. the momentum
integral equation. As we shall see below, this method works
quite well. . .

III. Unsteady Boundary Layer
~with Prescribed Freestream Velocity
A. Method ’

The .system of .equations formed by the unsteady
momentum integral equation (3), the entrainment correlation
(5), and the Coles velocity profile is converted to the variables
A=68*/6and h= (H—1)/H. The resulting equations are

a6* A C &% Jdu,,
— =8*C,— = <L - (3-2n+C,) — =
ox = ax 2 ( +C2) u, 0x

_ L o ou ‘ ®
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a6* * A A
ax A({J—-A) ax I-A"

®
where
o7 ‘ . VT.
C,=0.115V, (0.179 +»0.3ZIT)

: /VoN2 0.115-2A
C,=15-0.321 (—T) L S5 -2A
" AT A
o " |
X0.179+0.642(0.3+0.4A) Re* ~0:15

du,,/dx and du,, /¢t are given and the skin-friction coefﬁclent
_is evaluated from Eq. (2).

Since this system of equations is hyperbolic, either of two
approaches can be used. The first one is marches in x at each ¢
level. When the end of the plate (x=L) is reached, the time is
advanced. The equations are integrated in x by a standard
ordinary differential equation solution method.

The second approach is based on knowing the conditions
for .all times at the upstream position and solving for the
velocities at all times at the next station. This approach turned
out to be more efficient and all the results given below were
obtained using it.

B. Results for Zero Pressure Gradient .

In this section, we consider oscillating flows with
du, /8x=0. Initial data are given at x=0. In order not to have
to deal with the laminar and transition regimes, we used the
boundary - conditions givén by Singleton and Nash.!®- They
defined the boundary-layer thickness at x=0 as

6015t) —a, (uzit) )—oz

This condition corresponds to the assumption that a steady
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Fig. 2- Phase distribution of fluctuations on a flat plate in an
osclllatmg stream. The velocity is Uy(1+0. 125 sin wf); 6* =85 +0.125
7 sin (wt +7+ ¢)
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flat-plate boundary layer has 'deVeloped upstream of x=0 at

the instantaneous velocity u, (¢). Similarly, we have .

KO (10

oo

Consequently, the boundary-layer blockage fracuon A is
constant at the initial station

83(1) ='a_2
5 (1) a;

0=

We shall compare our results with the data of Karlsson?
and Houdeville and Cousteix* and ‘with the calculations of
McCroskey and Philippe, ' Singleton and Nash,!® Kuhn and
Nielsen, ' and Cousteix.*:

Figure 2 presents a comparison between the experimental
data and gomputational results for the displacement thickness
phase-angle variation with frequency. The phase angle of &*
relative to the freestream velocity increases for small values of
the reduced frequency, reaches a maximum value of ap-
proximately 50 deg at a reduced frequency of 1, and decreases
again at higher frequencies, going asymptotically to zero.

McCroskey and Philippe!® computéd ‘the displacement
thickness amplitude and phase angle from Karlsson’s data;

- the uncertainties shown in Fig. 2 were estimated by them, Our '

computation follows the trends of the data well and also
compares well with the finite differerice computational
results. In-the reduced frequency range 2-5, none of the
methods follows Karlsson’s data dccurately. The Singleton-
Nash results show lag behavior for reduced frequencies above
4, and do not regain the lead behavior at higher frequencies:
At reduced frequencies above 5, the Cousteix computation
shows oscillatory behavior. All previous- computational
results stop at reduced frequencies of the order of 16. This is
mainly a consequence of the belief that the quasisteady
turbulence models do not hold for frequencies of the order of
the “burst” frequency (f6/u;=0.1, where f is in hertz).
However, the experiments of Parikh et al.% show that, as the
frequency increases, the turbulent shear stress- distribution
becomes -frozen at the steady-state distribution. Ramaprian

.and Tu’s? recent data for tube flow are in disagreement with
" this observation; but, assuming it correct, we ran our code for

reduced fréquencies up to wx/u, =100 without any problem.
The phase-angle results tend asymptotically towards zero.

~ This asymptotic behavior is also indicated by the data of -

Karlsson? and of Houdeville and Cousteix.* The McCroskey
and Cousteix results as well as our results indicate a weak
Reynolds number dependence of the displacement thickness

. phase angle at reduced frequencies wx/u,<2. For reduced

frequencies above 2, all computational results show no
dependence on the Reynolds number at all. They also indicate
a Jlarge phase lead for reduced frequencies in the range
0.2<wx/u,<2.

In Fig. 3, we give the dxsplacement thlckness amphtude \H]
reduced frequency. Again, our prediction follows Karlsson’s
data. The Cousteix computational results follow the trend up
to a reduced frequency of 2, after which they oscillate. The
results of McCroskey and Philippe!® are below ours, but the
trend. is the same. The data as well as the computational
results show the asymptotic trend towards unity.

Figures 4 and" 5 present the wall-shear results. Unfor-
tunately, there are no data available. Telionis and Tshalis!’
computed skin-friction phase angles from Karlsson’s data.

* However, these data are very uncertain. Therefore we present

only the computed results for the wall shear.

The three sets of computational results presented in Fig. 4
agree very well. Our computation shows an asymptotic trend
toward the value of 2 for the nondimensional amplitude of the
wall-shear oscillations at high frequency. For the wall-shear
phase angle (Fig. 5), our computation shows an asymptotic
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‘Fig. 3 Amplitude of the boundaryQIayer displacement thickness
fluctuations for a flat plate in an oscillating stream. Conditions are as
in Fig. 2. :
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Fig. 4 Amplitude of the skin-friction fluctuations on a flat plate in
an oscillating stream. Conditions as in Fig. 3; 1—10 +0.125 7, sin
(wi+¢). »
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Fig. 5 Phase angle of skin-friction fluctuations on a flat plate in an
oscillating stream. Conditions as in Fig. 4.

trend toward a lead of 10 deg. Singleton and Nash!® give a
constant lead of 8 deg. The McCroskey-Philippe results
compare well with our computational results for Re, =107.
However, they found a Reynolds number dependence not
shown by our computation The results of Kuhn and Nielsen!®
show a decrease in phase angle w1th mcreasmg reduced
frequency.

C. " Results for Adverse Pressure Gradient

We ran two cases in which du, /0x<0. The first case is the
flow of Parikh et al.® in whlch the starting conditions are
- those of an equilibrium flat-plate flow with constant
freestream velocity. The second is the unsteady separating
flow of Houdeville and Cousteix.* v

In the Parikh et al. flow, the freestream oscillates around

an average velocity that decreases linearly downstream. The

amplitude of the fluctuations increases from zero at the
starting point to a maximum of 0.5 u,, at the end of the
plate. Under these conditions, the flow remains attached.
Figure 6 displays the velocity-amplitude distribution across,
the boundary layer. The overshoot in-the velocity amplitude
in the boundary layer for the quasisteady (zero frequency)
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Fig. 6 Amphtude of velocnty oscillations across- an unsteady
boundary layer. .
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Fig. 7 - Phase variation for the boundary layer of Fig. 6.

case is very well predicted. For 0.25 Hz, the prediction is
excellent. The'same is true at 0.5 and 2.0 Hz in the outer part
of the boundary layer. However, close to the wall we un-
derpredict the data by a few percent.

In Fig. .7 the phase variation of the velocity across the
boundary layer is given. The results are excellent, except for
the region close to the wall. At 2.0 Hz, the data show a lead
close to the wall that our method is not able to reproduce.
This is probably due to a Stokes layer whose thickness 1s
comparable to the viscous sublayer thickness.

In Fig. 8 we compare our results to the Houdeville-
Cousteix? flat-plate data. Reverse flow appears during part of
the cycle beyond x=450 mm; we designate this point by the
letter. S. The frequency is much smaller than the ‘“‘burst”
frequency. The data in Fig. 8 are the time-averaged shape
factor and displacement thickness. Our results are in good
agreement with the data until the separation point and thie
location of separation is well predicted. After separation, we
overpredict both 65 and H,. Possible explanations of the
difference are 1) that the data are¢ uncertain, 2) that the Coles
velocity profile or'the entrainment correlation may not hold in-
the unsteady reverse-flow region, -and 3) that one set of
characteristics of the equations is reversed after separation
and our solution method is mathematically invalid.

IV. - Diffusers with Unsteady Inlet Condltlons
A. Method
The diffuser method consists of the simultaneous solution
of ‘the boundary-layer equations given above with a one-
dimensional core continuity equation: The inlet conditions are
assumed known. As the flow is incompressible, the volume
flow rate is the same at any section of the diffuser at each
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instant of time and is a function of time only. Since the only
data are for conical units, we shall consider that case.

_ The momentum integral equation for axisymmetric bound-
ary layers is (see Lyrio et al.?")

36 © 0 du, 0 dR 1 oF
— H) — == 4 = =
a+(2+)°,ax+R1 (m)‘2(10)
and the entrainment eduation is
9 (Ru_(6-6"]=E - ap
Ru, 3x ~ ° - .

=

The simpler entrainment correlation, Eq. (7), which does
not need a lag' equation was used here. For the velocity
profile, the Coles ‘‘wall-wake law,”’. Eq. (1), is again em-
ployed. For theskin friction, Eq. (2) is used.

The one-dimensional core continuity equatlon for comcal
geometries assumes the form

6} (1) \2
Q=7FR%(1— 1(1)> uoo[ (0

&* (x,t)

R ) U (31)

=7R?(x) (

\ .

This equation is solved together with Eqs. (10) and (11) for the

- boundary layer. The system of equations is solved in the same

way as .the system for unsteady boundary layers. No
numerical problems were encountered.

B. Results

In this section we present our computational results for a 6 -

deg conical diffuser, the-only unsteady incompressible dif-
fuser flow for which experimental data are available.

‘In Fig. 9, the core fluctuation amplitude normalized with
respect to the. inlet. core velocity amplitude (4=7%) is
plotted. The computational results are compared to the data
of Schachenmann and Rockwell!® for a reduced frequency
St=wl/u; =1 (where f=5 Hz). A similar -comparison for
rreduced frequency St=7.33 (where f=35 Hz) and A=1.25%

»

T T - " T
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Fig. 8 The unsteady boundary layer of-Houdeville and Cousteix.
Upper figure gives the time-average shape factor; lower figure gives
the time-averaged displacement thickness. ' )
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is given in Fig. 10. At the low frequency (Fig. 9), the velocity
lags the inlet velocity all the way to the diffuser exit. However,
for the higher frequency (Fig. 10) the computation indicates a
lead between x/L = 0.6 and 0.8. This is observed in the data of
both Schachenmann and Rockwell’® ‘and Tomsho and
Brown.!

In Fig. 11, we give the distribution of velocity amplitude

-across the boundary layer, the phase-angle distribution, and

the time-averaged velocity. The dependence of the ‘time-

. averaged velocity on frequency seems to be negligible; this is

consistent with Parikh et al.®

Figure 12 gives the boundary-layer velocity-amplitude
distribution along-the diffuser wall for St=1.0 and A =7%.
The agreement is excellent, except at the diffuser exit, where
we underpredict the velocity amplitude in the outer region of
the boundary layer.. A possible explanation for the un-
derprediction at the diffuser exit is that the conditions beyond
the exit influence the velocity profile measurements at that
station.

In Flg 13, the phase-angle distribution across the boundary
layer is presented for different positions along the diffuser

- !
10 T T - T

Ay sy,

8 -
8F 1
al 3
2f 1

0 1 L L. 1
0 2 4 6 8, 10

¢uw T T L T -
o}

2 DATA: SCHACHENMANN & ROCKWELL
— COMPUTATIONAL RESULTS
Fig. 9 The velocity fluctuation amplitude (upper curve) and phase
(lower curve) for the 6-deg unsteady conical diffuser of. Schachen-
mann and Rockwell with 7% inlet fluctuation and S¢=1.

ay/u,
e

" 2 DATA: SCHACHENMANN & ROCKWELL

COMPUTATIONAL RESULTS
" Fig. 10 The velocity-fluctuation amplitude (upper curve) and phase
(lower curve) for the 6-deg unsteady conmical diffusers of Schachen-
mann and Rockwell with 1.25% inlet fluctuation and St =7.33.
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Fig. 11 Amplitude, phase-angle, and average velocity distributions

across the boundary layer in the conical diffusers of Schachenmann
and Rockwell. 0 and — indicate the 7% amplitude, S¢=1 case; o
and — — — represent the 1.25% amplitude, St =7.33 case.
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Fig. 12 Velocity-amplitude :distribution at various positions along
the diffuser wall for the Schachenmann and Rockwell 6-deg conical
diffuser with 7% amplitude and St=1.
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Fig. 13 Velocity phase-angle distribution atong the diffuser wall for
the Schachenmann and Rockwell 6-deg conical diffuser with 7%
amplitude and St =1.
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wall for A=7% and St=1.0. Lead behavior is evident at all
stations. The prediction follows the data very closely, except -
again at the diffuser exit. Th1s may be due to the reason given
above.

An important conclusmn which has been observed by all
experimentalists in this' area except Ramaprian and Tu,?* is
that - the oscillating external flow does not affect the time-
averaged boundary-layer profile. In the case of diffusers, so
long as stall is not present, this implies that unsteady inlet
flow does not alter the time-averaged diffuser performance.

V. Conclusions

An improved integral method for turbulent boundary
layers has been developed. The method can handle detach-
ment without difficulty and can do both the steady and un-
steady cases.

'Simultaneous' solution of the boundary-layer equations and
a one-dimensional continuity equation for the core flow gives
a method for predicting diffuser flows with unsteady inlet
conditions.

"The results of the method show excellent or good agreement
with the main features of all of the unsteady data available.
This includes attached and detached boundary layers and
unsteady diffusers.

The method is very 51mple and computationally very fast.
The accuracy is comparable to that of the best finite dif-
ference methods available and is at .least one order of
magnitude faster.

The computations show that the mean flow parameters of.
boundary layers and diffusers are almost unaffected by
oscillations. The experimental data available for these flows
also lead to the same conclusions.

For the unsteady boundary layers, the method does not
capture all of the characteristics close to the wall. We believe
that this can be remedied in-a simple way and will report on
such an attempt later.
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